MOULD CALCULUS FOR HAMILTONIAN VECTOR FIELDS 
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Abstract. — We present the general framework of Ecalle's moulds in the case of lineariza- 
tion of a formal vector field without and within resonances. We enlighten the power of 
moulds by their universality, and calculability. We modify then Ecalle's technique to fit in 
the seek of a formal normal form of a Hamiltonian vector field in cartesian coordinates. We 
prove that mould calculus can also produce successive canonical transformations to bring a 
Hamiltonian vector field into a normal form. 

We then prove a Kolmogorov theorem on Hamiltonian vector fields near a diophantine 
torus in action-angle coordinates using moulds techniques. 
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1. Introduction 

We deal in this text with formal normal forms for formal vector fields on . We use the 
mould formalism by Jean Ecalle to obtain those. The idea in this formalism is to consider 
vector fields as derivations on the algebra of formal power series C[[x]] and work in the 
general free Lie algebras framework associated to the algebra build on these derivations. 
It was developed by Ecalle (see [5|, [S, [7j) but didn't get the success it deserved yet. This 
text comes back on Ecalle's idea with some precise calculus we didn't find in his works, 
although it was said to be right. The Hamiltonian parts (sections [7] and [8j) were also evoked 
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by Ecalle in [9] but still not written: we hope to give here a little contribution to his work 
and an educational aspect. 

In order to make the reader familiar with moulds and mould calculus in the search for 
formal normal forms, we recall in sections [2] to [6] some of Ecalle's work, and set a global 
framework for moulds, which is the general free Lie algebras framework. Then, in sections!?] 
and [8] we present already known results, with the new techniques of moulds. 

The search for formal normal forms of vector fields has a great first theorem from a great 
mathematician: the linearization theorem by Poincare. We give here a "moulds proof" of 
this theorem, which obviously make the small divisors appear, and moreover, arouses a 
universal character of moulds: the linearization mould only depend on the graduation (i.e. 
the decomposition) of the vector field X. This is of great interest, because when the vector 
field is modified, the linearization mould is stil the same, as long as the graduation of the 
vector field is the same. 

The plan of this text is the following: sections [2] to [6] are of pedagogical interest, and 
summarize the main definitions, results and techniques of Ecalle's moulds we need. Most 
of it can be found in [3], [41, [5], [61, El Ej . The original work we did can be found in the last 
two sections. More precisely: 

Section [2] recalls some basic definitions and results about mould formalism. In section [3] 
we define the main object of our concern: a prenormal form. That is, a vector field X 
being given with a fixed diagonal linear part -'^lin, we look for a change of variables which 
brings X into X^or, such that [Xiin,Xnor] = 0. 

Section 3 deals with continuous prenormal forms, following Ecalle's terminology; that is, 
how does a prenormal form Xnor behave when the vector field X is modified, its linear part 
being untouched? We give here a first application of the power of the mould formalism, 
calculating a direct transform of linearization of X, according to Poincare's linearization 
theorem. 

The case of resonant vector fields rises in the next section 4: we obtain an analogous 
result of the classical Poincare-Dulac theorem; nevertheless the prenormal form calculated 
here is not the Poincare-Dulac normal form; Ecalle calls it the trimmed form. 

The last two sections focus on Hamiltonian vector fields, which was the original goal of 
this text: we make here a slightly modification in Ecalle's formalism: where homogeneous 
differential operators were used, we need another graduation {i.e. decomposition) of the 
vector field X to prove that it is possible to make successive canonical transformations 
to bring a formal Hamiltonian with a resonant linear part in cartesian coordinates into a 
trimmed form, preserving the Hamiltonian character at each step. 

Then, in section 7, following [11] we prove a formal Kolmogorov theorem on a formal 
Hamiltonian near a diophantine torus using techniques shown in section [6l We study 
here perturbations in action-angle coordinates as trigonometric polynomials for technical 
reasons. 



2. Reminder about moulds 

All proofs and details about this section can be found in [4j. We denote by A an 
alphabet, finite or not, which is a semigroup for a law In this section, a letter of A 
is denoted by a. A* denotes the set of all words a build on A i.e. the totally ordered 
sequences ai • • • a,-, r ^ 0, with ai in A and r = I (a) the length of the word a. We set the 
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convention that a word of length is the empty word 0. Moreover, A* denotes the set of 
words of exact length r. 

The natural operation on A* is the usual concatenation of two words a and b of 
which glues the word a to the word b, i.e. a • b, or often simply ab when there is no 
ambiguity. Moreover, as A is a semigroup, we define ||a||* as the letter ai ★ • • • * of A, if 
r = £ (a). Now here is the main "new" object we focus on: 

Definition 2.1. — Let K be a ring, or a field, and A an alphabet. A K- valued mould 
M* on ^ is a map from A* to K; the evaluation of the mould M' on a word a is denoted 
by M". 

The first important thing, is the natural one-to-one correspondence between moulds and 
non-commutative formal power series. 

2.1. Moulds and formal power series. — For r ^ 0, remember that A^ is the set 
of words of length r, with the convention that Aq = {0}. We denote by K{A) the set 
of finite IK-linear combinations of elements of A*, i.e. non-commutative polynomials on A 
with coefficients in IK, and by Kr{A) the set of IK- linear combinations of elements of A*, 
i.e. the set of non-commutative homogeneous polynomials of degree r. We have a natural 
graduation on K{A) by the length of words: 

oo 

K{A)=^Kr{A). 

r=0 

The completion of ]K(74) with respect to the graduation by length denoted by IK((^)) is the 
set of non-commutative formal power series with coefficients in K. An element of 
is denoted by 

M^-a, M° G IK, 

where this sum must be understood as 

r^O \aeA* ) 

Let M* be a IK- valued mould on A\ its generating series denoted by $m belongs to ]K((>1)) 
and is defined by 

aGA* 

or in a condensed way as M*». This correspondence provides a one-to-one mapping 

from the set of K-valued moulds on A, denoted by A1k(A), and K.((A)). 

2.1.1. Moulds algebra. — The set of moulds A^k(^) inherits a structure of algebra from 
The sum and product of two moulds M* and N* are denoted by M* -|- N* and 
M' ■ N' or M* X A^* respectively and defined by 

(M* + N*)"' = M"' + N"', 
(M' X AT')" = (M' • iV)° = ^ M°''n"'\ 

a^a?=a 

for all aGA* where this latter sum corresponds to all the partitions of a in two words a} 
and of A* . The product operation is associative. 
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The neutral element for the mould product is denoted by 1* and defined by 

^.^fl if. = 0, 

otherwise. 

Let M* be a mould. We denote by (M')"^ the inverse of M* for the mould product when 
it exists, i.e. the solution of the mould equation: 

The inverse of a mould M* exists if and only if 7^ 0. 

2.1.2. Composition of moulds. — Assuming that A possesses a semi-group structure, we 
can define a non-commutative version of the classical operation of substitution of formal 
power series. 

We denote by * an internal law on A, such that (^,*) is a semi-group. We denote by 
II II* the mapping from A* to A defined by 

a = ai . . .ar 1 — oi * • • • * a^. 

The -k will be omitted when clear from the context. 

The set is graded by || ||*. A homogeneous component of degree a of A, of a 

non-commutative serie <I>m = iWa is the quantity 



||a||*=o' 

We have by definition 

Definition 2.2 (Composition). — Let (A,*) be a semi-group structure. Let M* and 
N* be two moulds on Ai^{A) and $m, their associated generating series. The substi- 
tution of $ AT in ^M, denoted by $m o *^*A is defined by 

^MO^N= ^"^N, (2.1) 

where $° is given by $^ . . . for a = ai . . . a^. 

We denote by M* o N* the mould of Mk{A) such that 

Equation (|2.2p defines a natural operation on moulds denoted by o and called composi- 
tion. Using II II* we can give a closed formula for the composition of two moulds. 

Lemma 2.3. — Let (A,*) be a semi-group and M* , N* be two moulds of M.k{A). 
For the empty word, (M* o N')^ = , and for all a ^ A* of length at least 1: 

i{a) 

(M'oAr')« = ^ Y mII°'II*-I''"*II*A^'^' •••TV"', (2.3) 

'==lal...a*=a 

where ■ ■ ■ = a denotes all the partitions of a such that a* 7^ 0, i = 1, . . . , fc. 
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Definition 2.4- — The neutral element for the mould composition is denoted by /* and 
defined by: 

^.^fl if £{.) = !, 

I otherwise, 

where i (•) denotes the length of a word of A*. 



2.1.3. Exponential and logarithm of moulds. — We denote by the set of non- 

-commutative formal power series without a constant term. We define the exponential of 
an element x G IK ((A)) , denoted by exp(a;) using the classical formula: 



exp(x) = 5Z rr 

n>0 



The logarithm of an element 1 + a; G 1 + (]fC((A)))^ is denoted by log(l + x) and defined by 

log(l + x) = ^(-l)^ 



n>0 " 



[^•](xn) 



These two applications have their natural counterpart in A1k(^)- 

Definition 2.5. — Let M* be a mould of M-e.{A) and $m the associated generating 
series. Assume that exp($jvf) is defined. We denote by ExpM* the mould satisfying the 
equality 

exp M'»^ = ^ Exp M* • . 

Simple computations lead to the following direct definition of Exp on moulds: 

Exp M* = ^ 

where \M*]f^^^y for n in N*, stands for 

n times 

and [M*](^^Q-j = 1*. The same procedure can be applied to define the logarithm of a mould. 

Definition 2.6. — Let M* be a mould of A^k(^) and <5m the associated generating 
series. Assume that log(l + $m) is defined. We denote by LogM* the mould satisfying 
the equality 



n! 

n>0 



\og(^ + Y,M'^ =^LogM' 



A direct definition of Log is then given by 

LogM' = 5^(-l) 



n+l[^'](xn) 



n! 

n>0 



As exp and log satisfy exp o log = log o exp = Id, we have 

Exp (LogM') = Log (ExpM*) = IV 
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2.2. Algebraic aspects of moulds. — Let A be a set, we recall the concept of free Lie 
algebra denoted by Cm.{A) generated by A, see |15|.|16j. Its elements are formal expressions 
in Lie brackets [., .] of A subject only to the Jacobi identity. We have Ck{A) C 
the enveloping algebra of Ck{A). We denote by Gk{A) the set of automorphisms of A, i.e. 
the Lie group associated to Ck{A). 



Let A:K{{A)) ^ ^{{^)) ^ ^{i"^)) be the algebra morphism defined for all o G ^ by 
A(a) = a(E)l + l'S)a and extended to by linearity. Using A we can characterize 

the element of belonging to Ck{A). 

Definition 2.7. — An element P G is called primitive if A(P) = P^l + l^P, 

and group-hke if A(P) = P (g) P. 

An important result on free Lie algebras is: 

Lemma 2.8. — An element P G >Ck(A) if and only if P is primitive and P G ^k(^) if 
and only if P is group-like. 

This result can be formulated directly on coefficients leading to two symmetries for 
moulds on A. In order to state the result, we define the combinatorial notion of shuffle 
product on A*: 

Definition 2.9. — The shuffie product denoted by in : A* x ^* ^ P(A*) is defined 
inductively on A* by ame = ema = a and xauiyb = x{auiyb) \^y{xauib) for all x,y G A, 
a,beA*. 

As an example, if a = {xi,X2) and b = (x^), we have 

amb = {ixi,X2,X3), {xi,X3,X2), (xa, xi, X2)}. 
According to |15| . we have 

Aj^M"aj= { Yl ^Aa^b. 

VaGA* / a,b€A* \ceamb / 

Lemma \2M can be formulated as follow: 

Lemma 2.10. — An element P G P = P^a is primitive (resp. group-like) 
if and only if 

^ M'^ = Va,6G^*\{e}, (*). 

ceamb 

I M'' = M''M^ Va,bGA*, resp.) 

\ceauib / 

We now introduce Ecalle's terminology for moulds corresponding to primitive or group- 
like elements in 

Definition 2.11. — A mould M* G M^{A) is called alternal (resp. symetral) if M* 
satisfies (*) (resp. (**)). 
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A primitive element of 1C{^{^j4)) being given, we can easily obtain the corresponding 
element of Ck{A). We denote by I the ideal of generated by all polynomials without 
a constant term. We denote hy ip : I ^ ^k{A) the mapping defined for all a € 
a = (ai, ... ,ar) by 

V'(a) = ^[[- • • [[01,02], as], . ..],ar], 

and extended by linearity to T. 

According to [16j, we have the following result called the projection lemma by Ecalle: 

Lemma 2.12. — We have ijj \cyXA)= '^'^Cy^(A)- 

As a consequence, for an alternal mould M* G AIk(^), we have 

M'^a= J2 ^X«) = EJ E M-[[...[[ai,a2],a3],...],a,]. 

aeA* aeA* r>l aeA* 

3. Continuous prenormal forms of a vector field 

From now on, will be an integer, and X a vector field on such that X{0) = 
0. We want to obtain some particular form of X within a change of variable. If m = 

(mi, . . . , rriiy) G Z*^, we use the notation for xT*^ • • • x™" and dx for — — . 

OXi 

Definition 3.1. — A differential operator is an element of C[[x]][[5j;j , . . . , 9^^]] «-e. a for- 
mal power series in the dx^ whose coefficients are (commutative) formal power series in 

X. 

The order of a differential operator is the degree of the corresponding polynomial in the 
variables dx^,... ,dx^- 

If n is in Z'^, a homogeneous differential operator of degree n is a differential operator 
Bn such that for all m in N'', there exists a Pn,m in C, such that: 

Bn(x ) — Pn,mX 

We usually omit the composition operator o when composing homogeneous differential 
operators: we write B^i ■ ■ ■ Bn^ for B^i o • • • oB^r. Moreover, we denote Bn for B^i ■ ■ ■ B^r 
where n is the word n = ■ ■ - n^ . 

Remark 3.2. — Finally, remark that if i?n is a differential homogeneous operator of order 
1 and degree n, Bn = ^ i?n(a^i)c^Xi ■ When there is no ambiguity, we denote ^M'B, for 

i=l • 

^ M^Bn. 

tiGA(X)* 

V 

3.1. Resonant normal form. — Now consider a vector field X = Xi{x)dxi on 



(with X{0) =0); it is always possible to write this vector field as 

X = Xiin + ^ Bn, 

neA{X) 



i=l 
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where the Bn are homogeneous differential operators of degree n and order 1, A{X) is an 
appropriate part of Z,'^ (that will be the alphabet) and Xn^ the linear part. As an example, 
for the following vector field on : 

X = \ixdx + \2ydy + {a2QX^ + aiixy + ao2y'^)dx + (6202;^ + hixy + 6o2y^)9y, (3.1) 

we have Xn^^ = Xixdx + \2vdy and the homogeneous differential operators are: 

5(1,0) = x{a2Qxdx + bnydy), 

5(0,1) = y{aiixdx + bo2ydy), 

5(-i,2) = ao2y'^dx, 

5(2,-1) = b2ox'^dy. 

The alphabet here is A{X) = {(1, 0), (0, 1), (-1, 2), (2, -1)}. The linear part of X is always 
supposed to be of a diagonal form (see |13| for instance); we have then: 

V 

^lin = ^iXidxi, 
i=l 

where A = (Ai, . . . , A^) G is the spectrum of Xn^. 

Remark 3.3. — We use here the graduation by degree for the operators Bn but it is not 

unique; for instance, let us set O = {A • n, n € A{X)} and B^^ = i3„; we still have 

n£A{X) 
X-n=Lj 

X = Xlin + B^. This graduation is used by Ecalle in |8] but the operators are not 
homogeneous. We also use this graduation in section [7l 
Definition 3.4- — When the field X is written as follows: 

^ = ^ \iXidx, + ^ 
it is said to be in prepared form. 

3.2. An algebraic point of view. — Starting from this writing, we look for a change 
of variables h in C[[3;]], from to , which is tangent to identity (i.e. h{x) = x + ■ ■ ■ ), 
to simplify X. We define moreover the substitution morphism Qh as: 

G;, : C[[x]] ^ C[[x]] 

(f Lf o h 

It will be denoted as G when no ambiguity. Remark that /i is a change of variables, and is 
then one-to-one. Hence Q is an automorphism of C[[x]]. 

The natural action of the vector field on formal power series f of C[[x]] is the derivation 

ip X ■ if where X ■ f = ''^^ Xj{x)— — (x). Hence the change of variables h must let the 
following diagram be commutative: 



ip > A • 93 



h h 
If oh > ^nor • {(f o h) 
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Hence, for all 99 G C[[x]] we must have Xao,--{ipoh) = {X-ip)oh, that is Xnor(0V^) = Q{Xlp), 
i.e. XnorQ = &X, or Xnor = exe~^ Now, the object we are looking for is the "new" 
field, Xnor, defined by: 

Xnor = exe-\ 

Definition 3.5. — We say that a field X^or is a prenormal form of X if X^or is conjugated 
to X and [Xnor> -'^lin] = where [,] are the usual Lie brackets. 

We recall also the following definitions from Arnold [l], § 22, p. 175 and p. 178: 

Definition 3.6. — The spectrum A = (Ai, . . . is resonant if there is at least one s in 
{1, . . . , j^} such that there exists m in N'^, |m| ^ 2 such that: 

V 

Xg = m ■ X = niiXi. 

i=l 

Moreover, a vectorial monomial x^dx^ is resonant if As = m • A, |m| ^ 2. 
For a monomial x"^dxi, with m in N'^ and i in {1, . . . , ly}, we have 

V 

\x^dx, , Xiin] = x"" (Ai - ^ mjXj)dx, ; 
thus a prenormal form is only made of resonant monomials, i.e. 

V 

^nor — ^lin ~l~ ^ ^ ^ ^ (^ni'^ 

with Cm € C and Ri{X) = {m G — {0}, \m\ ^ 2, Aj = m • A}. 

3.3. Non-unicity of prenormal forms. — For an integer k greater than 2 we denote 
by the set of all homogeneous vector fields on of degree k, that is vector fields on 
whose each component is a homogeneous polynomial in xi, . . . , of degree k. Now, 
let E be defined by: 

E = ^Ek. 

Any vector field Y of E writes then Y = where Y^ is in E^. 

The part Xn^ being fixed, we denote by aAx^^^ the application defined hy Y [Y, Xun] . 
Remark that adxi^^iEi^) C Ef^. for any fc ^ 2, and therefore that adx^^ may be defined on 
E. 



( adxii„ :E^E 

Proposition 3.7. — Let Xiin = y XiXid^ and < r t Then, ker{adxy 

{0} if and only if X is non-resonant. 



Proof. — By linearity, it is sufficient to prove it for a homogeneous polynomial of de- 
gree k, and even for a monomial x^dx^. From definition 13.61 if A is non-resonant, then 

V 

[Xi — ^^m-jAj) 7^ hence kerad^^j^^ = {0}. Conversely, if ker adjoin = {0} then (Aj — 

V 

^^TTijAj) 7^ 0. Hence A is non-resonant. □ 
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Corollary 3.8. — // the spectrum A of X\^^ is non-resonant, then X^or = ^lin- 

Proof. — Indeed, a prenormal form is a sum of X^^ and only resonant monomials. □ 

In the case where the spectrum A is resonant, have the following proposition: 

Proposition 3. 9. — // the spectrum A of X\\^ is resonant, a prenormal form of X\^^ is 
not unique. 

Proof. — Indeed, a prenormal form is defined up to a vector field Y in the kernel of adxu^, 
which is not trivial, after proposition 13.71 □ 

There is thus a choice to make, which could simplify the transformation. Baider [2] and 
Gaeta |10j have two interesting approaches of that. 

We denote by Res(i?) the kernel of adx^n- If X is in E, when looking for a prenormal 
form of X, we want to write: 

X = Xiin + Xres, whcrc Xj-es is in Res(-E'). 

This writing infers the direct sum decomposition: 

E = Res{E) S, 

where 5" is a supplementary which can be chosen in many ways. A convenient way to chose 
S is to provide E with a scalar product such that 

E = ®Ek, 

where E^ is the homogeneous component of degree k of E. 

3.4. Continuous prenormal forms. — We denote by C((S)) for the algebra 
C(((S„)^g^^^^)) of non commutative formal series build on the i?„ operators. 

Proposition 3.10. — There is a one-to-one correspondence between C((S)) and 
C{{A{X))) given by: 

neA{X)* n(^A{X)* 

As there is also a one-to-one correspondence between C((A(X))) and M-c[A{X)^ , we 
have the following writing: 

X = Xiin + ^ I'B,. 

m 

If k = (/ci, . . . , k^) is a i^-uplet, we denote by 

oj{k) = X ■ k = Y^ '^i^i 

i=l 

where A is the (fixed) spectrum of ^im- Remember also that if a = (a^, . . . ,a'') is in A*, 
we write ||a|| = ||a||+ = + • • • + a*". We have the following result: 

Lemma 3.11. — For any word n of A* , we have [Xna^Bn] = a;(||n||)S„. 
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Proof. — We prove the result by induction on the length r of the word. Remember that 

V 

for a word n of length r = 1, Bn = ''^^Bn{xj)dx^. Hence 

in; -^n] — XiiiiBn B^Xi^^i 

= ^ f ^ ^iXidx, [Bnixj)] - Bn{xj)Xj j d^^ ■ 

j=l ^i=l / 

By definition of Bn, homogeneous differential operator of degree n, we can write Bn{xj) = 
/3jx"J where /3j is a complex and hj = {ni,...,nj + l,...,n,y). Then for any in 
{!,..., z^}^, Xid-j;^ [Bnixj)] = Pj{ni + Sij)x"'^ . Hence 

[Xu„ Bn\ = /3,x-i Xiim + 6ij) - A,) 
j=i i=i 

V 

= ^/3jx"^a;(n) = oj{n)Bn. 
i=i 

Now let be r ^ 2 fixed; we set the assumption that for every word m of length less than 
r — 1, then [Xiin,-Bm] = For a word n of length r we write n = mp where 

I (m) = r — 1 and i{p) = 1. Then: 

[-'^lin, -B^i] = \Xii^,BynBp\ 

= Xii^BmBp — BjnBpXii^i 

= Xii^iBmBp — Bm.X\iiiBp + BmXwjyBp — BmBpX\\^ 
= [Xlin, Bm] Bp + Bm[X\in, Bp] 
= Uj{\\m\\)Bn + BmU]{p)Bp 

= uj{\\n\\)Bn. 

□ 

Notation 1. — For a letter n in A[X), uj{n) stands for A ■ n. This notation extends to 
words n in A{X)* , by a;(||n||). We set the convention that a;(0) = 0. 

Definition 3.12. — Let n be in A{X)*; n is resonant if 

u;(||n||) = A • ||n|| = 0. 

We can now define the particular forms we are looking for: 

Definition 3.13. — The vector field X is said to be in continuous prenormal form with 
respect to the alphabet A if there is a change of variable that conjugates X to Xnor so that 

Xnor = ^lin + Pran^'S^, with Pran" = if u;(||n||) / 0. 

neA{X)* 

Remark 3.14- — Notice that this definition implies that the mould Pran* must be an 
alternal mould, as X^or — -'^lin is a vector field, hence a primitive element of C<^(-B)). 
Therefore, after lemma [2.121 Xnor — -^lin is an element of the Lie algebra spanned by the 
{Bn,n € A{X)}. We are thus trying to write elements of keradxun in the Lie algebra 
spanned by the Bn- There is nevertheless no reason why all elements of that kernel should 



12 



JACKY CRESSON & GUILLAUME MORIN 



be writing that way. However this condition is justified as Xnor would then be intrinsic to 
X. It is therefore Ecalle's choice to look for elements of ker adxjj^^ in that Lie algebra. 

Remark 3.15. — A second remark, is that this definition of a continuous prenormal form 
depends on the writing of X as a decomposition in the operators -B^, hence on the alphabet 
A{X). We will see in section [7] that some choices of decomposition may be better than 
others. 

We have then the following result: 

Theorem 3.16. — A continuous prenormal form is a prenormal form. 

Proof. — The result is obtained by applying lemma [3. Ill with the definition of a resonant 
word. □ 



4. Effective aspects of continuous prenormal forms 

We are looking for X^or — Xi^^ to be in the free Lie algebra of C((S)), hence the 
automorphism B must be in the corresponding Lie group. That is the reason why we work 
in the universal enveloping algebra C((S)). Hence: 

with the mould B* being symetral as B must be an automorphism of C[[x]], i.e. a group-like 
element of Cc{A). 

4.1. The conjugation equation. — The conjugation equation also writes: 

^^nor© = X, 
where X^or is the prenormal form looked for, with 

X„or = Xiin + ^Pran'S.. 

The mould expansion gives: 
i.e. 

XHn+^/'i?.= (^(B*)-ii?.)xHn(^B'i3.)+^(^(B')-ixPran*xB')s.. (4.1) 

As we can see on this latter equation, the quantity Xn^B, must be investigated. 
Lemma 4-1- — Let M* be a mould in Aic[A{X)) . Then: 



where VM" = u;(||n||)M" for all n in A{X)* . 

Proof. — By linearity, it is sufficient to calculate Xn^Bn for a word n = {n^ , . . . ,rf) in 
A{X)* of length r. After lemmaEHl Xii„5„ = a;(||n||)5„ + -B„Xiin. 

□ 
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Proposition ^.2. — The conjugation equation has the following mould form: 

e* X /• = Ve* + Pran* x 6'. (4.2) 

Proof. — Using lemma I4T1 equation (|4.ip rewrites: 

/• = (e*)"^ X Ve* + (e*)"^ x Pran* X G', 

and, after left-multiplicating by 6*: 

e* X /• = Ve* + Pran* x GV 

□ 

This equation gives us a relation between the normalisator 9 and the desired prenormal 
form. 

4.2. The non-resonant case. — In the case where A is non-resonant, we must have 
Pran* = for all •, i.e. Xnor = ^Un (linearization of X), after corollary 13. 81 We have then 
to solve an induction relation on the 0* to prove its existence 
Equation (14. 2|) rewrites indeed: 



e* x /• = vev 

Remember definition 12.41 of /* on page El 

Hence for a word of length 0, 50 = Id and is tangent to identity, so 0^ = 1. 

For a word n of length 1, equation (|4.2p rewrites 1 = a;(n)0"; A is non-resonant therefore 

ojin) / 0, thus 0" = ^— . 

u>{n) 

For a word n = (n^, . . . , rf ) of length r at least 2, equation (14.21) rewrites then: 

0"''-'"''"' =L^(||n||)0"; 
as A is non-resonant, we have still that a;(||n||) ^ 0, hence the induction formula: 

= - 

a;(||n||) ' 

hence, by induction: 

1 

0'^ 



U)i{lOi + 0)2) ■ ■ ■ {tOl ^ h Wr) ' 

where uJi stands for uj{n^) for i in {1, ... , r}. We must then be sure that is an automor- 
phism of C[[x]], i.e. that 0* is symetral. This is indeed true, see [3] for a proof. 

4.3. The resonant case. — In the case where A is resonant, we set Pran"^ = if 
a;(||n||) ^ 0, to obtain a continuous prenormal form of X. However, equations on 0"^ 
cannot be solved directly this time: we take equation (14. 2p and try to solve it, by induction 
on the length of words. 

Remember first that 0^ = 1, for has to be tangent to identity; moreover, = 1 if 
^ (n) = 1 and otherwise; finally we set Pran" = if cj(||n||) ^ 0. 

For the empty word 0, equation ([421) rewrites Q^I^ = VQ^ -FPran'^0'^ i.e. Pran"^ = 0. 

For a word n of length 1, equation (14.21) rewrites: 

0"/® + /"0® = V0" + Pran"0® + Pran®0" 
^ 1 = w(n)0" + Pran". 
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Thus, if uj{n) ^ 0, Pran" = so we can solve this equation and 0" = — -— -. However, 

io[n) 

if Lo{n) = 0, it gives Pran" = 1 but we have no information on G". It is therefore not 
possible to deduce all @^ for all words n in A{X)* from equation (|4.2p and the condition 
we set on Pran*. At this moment, there are two possibilities: 

— either add a condition, like a derivation condition on moulds (see |17j p. 25); it leads 
to different prenormal forms, depending on the additional condition. This method is 
the "direct" method. 

— The other possibility is an iterative method like Poincare-Dulac. This is the method 
we expose here. 

As done usually (see [I] for instance), when looking for a (pre)normal form, we want to 
write X — Xn^ as a sum of resonant terms only. Hence we set the mould Pran* this way: 

Pran" = if n is non-resonant. 

Unfortunately, it seems too complicated to solve this equation at once. Nevertheless, 
it is possible to do a calculable step-by-step procedure to obtain Pran* with the wanted 
properties. The step-by-step procedure is explained in the next section. 



5. A first approach to the Poincare-Dulac normal form 

5.1. The interest of being in a Lie algebra. — The idea of the step-by-step procedure 
is to kill non-resonant terms Bn of order 1 [i.e. such that £ (n) = 1) at each step. 

We saw that the normalizator is an automorphism of C[[x]], that is a group-like 
element of the free Lie algebra Cc{A); it can therefore be written as an exponential of a 
primitive element of this algebra, i.e. an exponential of a vector field V: we thus write 

e = exp(y), where V = Y, ^'B., 

with V' being alternal. After the mould writing of G, and by definition of the exponential 
of a mould, we have: 

0* = Expy*, 

hence equation (14. 2p rewrites then: 

ExpF* X /* = VExpy* + Pran* x ExpV. (5.1) 

Still we set Pran"' = if a;(||n||) ^ 0, but we have the same indetermination on V* as we 
had on 0*: we choose here to kill only non-resonant terms of order 1. The exponential 
form of the normalisator, with the help of the Baker-Campbell-Hausdorff formula, leads us 
to the following lemma: 

Lemma 5.1. — Let X = Xn^ + Bn a vector field in prepared form, with fixed 

diagonal linear part of spectrum A. 

Choosing G = exp{V), where V is defined by: 

( 1 

if I in) = 1 and uj{n) / 0; 



u){n) 

otherwise; 



the conjugate vector field X^o^ = QXn^Q ^ has no resonant terms of order 1. 
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Proof. — After the Baker-Campbell-Hausdorff formula (see [12j) we have: 

n=0 

where = and X^o) = X. Hence: 

-^nor = -'^lin + ^ -B„ - [Xun, V] — ■ ■ ■ ] 

We set F = ^ V^Bp, then: 

Xnor=Xli„+ ^n- J] Lu{\\n\\)V^Br^ - ■ ■ ■ , 

neA{X) n£A{X)* 

after lemma [4?n Hence the given expression of V* . 

□ 

Theorem 5.2. — Let V be the vector field V = ^^^V'B, where V is the mould given 
by: 

if i (n) = 1 and uj{n) ^ 



otherwise. 

We call simplified form of X the vector field Xgam = exp(V)X ex.p(^—V) ; it writes: 

Xsa.m = Xiin + ^ Sam^S^, 
TieA(X)* 

and the mould Sam* has the following expression: 

ifn = %, 

Sam" = <^ ifiin) = l and uj{n) ^ 0, 

1 if £ (n) = 1 and oj{n) = 0; 

for the other words, the mould Sam* is given by the following equation: 

Sam* = ExpF* x /* x Exp(-y)* - VExpF* x Exp(-T/)*. 

Proof — The field X = Xn^ + ^^^I'B, has non-resonant terms only of length 1. If we 

want them to vanish, we look for a simplified field Xgam = -''^im + Sam*i?,, where we 
set the mould Sam* as follows: 



if n = 0, 

if £ (n) = 1 and u;(n) / 0, 

we do not know yet for other words n. 



Sam'^ 



We keep the same equation as (15. ip : 

Expy* X I* = VExpF* + Sam* x ExpV. 
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By setting moreover that = if £ (n) 7^ 1 it is possible to solve this equation, and find 
that: 

'0 ifu;(n) = 0, 

otherwise. 



Hence the simplified vector field X 



sam ■ 



Xgam 



\n£A(X) ^ ' / \n(^A{X) ^ ' / 



iGA(X) ' ' / \n(^A{X) 
a;(n)^0 u;(n)7^0 



The mould Sam* is then calculable, and we recall here its expression (see [3]) 

Lemma 5.3. — The mould Sam' is given by: 

— Sam® = 0; 

— if£{n) = 1 and oj{n) 7^ 0, Sam" = (kills the non-resonant terms); 

— if £{n) = 1 and u}{s) = 0, Sam" = 1; 

— if r = I (n) ^ 2 and wi, . . . , are different from 0, 

q 1 ^ (-l)^-^(a;fc(r - fc) -cjfc+i ^r) 

^ (A:-l)!(r-A: + l)! 



If only one oji vanishes, 

(_!)-! 



Sam 



n 



{i — — i)\uji ■ • ■ cjj-iWj+i ■ ■ - ujr 
— If more than one tOi vanishes, then Sam"' = 0. 

5.2. Proof of lemma [5. 31 — Let us denote by V the mould defined by: 

1 



if £{n) = l and uj{n) / 



u(n) 
otherwise 



□ 



5.2.1. A first term...— We denote by C* the mould C = exp(y) x IV We have = 0. 
For a word n of length 1 we have: 

C" = (exp(T/'))®/" = 1. 

For a word n of length r ^ 2, 



1 ,0 if at least one of the {i^i)i<i<r~i vanishes, 

= (exp(y))" ~ = { 1 



(r — • • • iOr-i 



otherwise. 
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5.2.2. ...a .second term... — We denote by D* = C* x exp{—V*), so D = 0, and for a 
word n of length 1, = C7" = 1. 

For a word n of length r ^ 2 we have: 



,1 



jjn ,...,n ^ (jn (gj.p(_y.))n ^ (jn ,n (exp(-y))" + . . . + -..n _ 

There are then several cases: 

1 j 

— If at least one u>i is zero, 1 ^ i ^ r — 1, then every C" ' ■ , with j ^ z + 1 vanishes 
(after the calculus of C" in I5.2.1|) : also every (exp(— F*))" vanishes for k ^ i. 
Therefore = C"''-'"' (exp(-y))'''^' 



\n'T^'^,...,n' 



We have then for a word n: 

if another (wi)i^z^r vanishes; 

1 (-!)'■-' 

if no other uJi,l ^ i is zero. 



l (i - l)!wi • • -tJi-i (r - • • • 

if vanishes, -D" = C'"^■■■'"'' therefore: 



if one of the {u!i)i:^i^r-i vanishes; 

otherwise. 



(r — ly.UJl ■ ■ ■ UJr-l 

— if no other Uj vanishes then 



jjn ,...,n _ \ J I ^ ' |_ 

{r — 1)\UJ2 ■ ■ ■ U!r {r — 2)\uJ^ ■ ■ ■ UJr 



1 -1 

+ 7 X + 



{r — 2)\ijOi ■ ■ ■ UJr-2 (r — 1) Iwi • • • Wr-l ' 

that is: 



1 ^ {-ly-'^uk 



uji---ujr ^_^{k- l)!(r - A;)!' 

5.2.3. ...a third term... — We calculate now the following: E* = Vexp(— F*). Thanks 
to the previous computations on the mould exponential, and by definition of V, we have 
= 0; moreover, for a word n of length r ^ 1: 

^n\...,nr = + . . . + u;.)(exp(-y))", 

then 

[0 if one at least of the (cjj)i<i<r vanishes; 



otherwise. 



5.2.4. ■■■ the last term. — We finally calculate the mould product F* = exp(y*) x E* ; 

first, F"^ = ; for a word of length 1, F"" = E"- therefore = if = and F" = -1 
if u;(n) 7^ ; at last, for a word n of length r ^ 1 we have: 



F'^ = (exp(F'))^F" + (exp(y ))" F" '-''^ + • • • + (exp(y ))" F" . 
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Thus, after the calculus of exp(F*) and E' , vanishes if at least one of the Ui is zero. 
If no Ui is zero, then: 

^^i_^r ^ (u;i + ---+a.,)(-ir (^2 + ---+^r)(-ir-^ ^ _ _ _ 

r\u}i---iOr ^1 (r — l)!w2 ■ ■ ■ "^r 

(r — l)!a;i • • • LOr-i (^r 

Finally: 

{0 if one of the Ui is zero, 
/ 7 ; TTTT, TV, otherwise. 
{r - k + l)[{k - ly. 

5.2.5. Expression of the sought mould. — As Sam* = F* + D* , we have 

Sam® = F^ + D^ = Q. 

For a word of length 1, we get: 



Sam" 



1 if u{n) = 0, 
if u{n) ^ 0. 



The non-resonant terms of the field X thus vanish in the field Xgam- Moreover, for a word 
n of length r ^ 2, we get: 

— if there exists i and j, two different integers from {1, . . . , r} such as Ui = Uj = Q then 

= = therefore 

Sam" = 0. 

— if one uji exactly is zero, F^ = and 

Sam^ ' ' 



(i - l)!a;i ■ ■ -Wi-i {r - i)\LOi^i ■ ■ ■ Ur 
if every {uJiji^i^r is non zero, then 

1 ^ {-ir-''ojk 



-r- {k-l)\{r-k)V 



^i---^rf^^ {r - k + iy.{k - 1)\ ' 
and 

Sam" = ^ V ~ ^) ~ ^fc+i ^r) 

'^i---^rfr[ {k - iy.{r - k + 1)1 

The proof is now complete! 

In order to put in evidence the universal feature of the moulds Sam we obtain under 
the simplification procedure, we introduce the following one parameter family of complex 
valued functions: 
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Definition 5.4- — The Poincare family is denoted hy V = {Pq)g^f^* where Pq : 
and defined by = 1 if ^; = and otherwise, and for g ^ 2 



Pq{zi, ...,Zg)= < 



Zl 



■■Za^} ' {k-mq-k + l)\ ' ''''^^'^ ) 

1 



'1 k=l 



(i - l)\{q - i)\ Zl . . . Zi^iZi+i ...Zq'' 



if 2: G Sq^i, 

otherwise, 



with S, 



{c*y-^ X {0} X {cy 



Lemma [5?3] of this section can then be formulated as follows: 



Lemma 5.5. — The simplification moulds Sam* is given by Sam = 1 and Sam" = 

The field Xsam has now no more non-resonant terms of length 1, but the transformation 
X I— > Xgam, that we denote simp, introduces non-resonant terms of length greater than 1, 
as Sam" is not always when i (n) ^ 2. 



5.3. The first step. — Now that we have killed every non-resonant terms of length 1, 
but introduced some more of length greater than 2, we have to iterate the transform... 
however, if we want the iteration procedure to be writable in terms of moulds composition, 
we must find a way to rewrite X^am = -^Un + S am Pn -i^sam — ^lin ~t~ ^ ^ P^m 

neA{X)* mG2l 

where 21 is a new alphabet and (L'm)mG2i a new collection of homogeneous differential 
operators. It is here natural at this time, since for every word n in A{X)* , Bn is a 
homogeneous differential operator of degree ||n|| (nevertheless, do not forget that the most 
natural choice may not always be the best, as we will see in section [7]). Hence the new 
alphabet is: 

21 = ) = {||n||,n G ^(X)*} C 

Let us write then X^^}^ instead of Xsa,m, for it is the first of the iteration: 

-'^iam = -'^lin + ^ Dm, with D^. = ^ Sam^Bn, 

mG2t neA{X)* 
\\n\\=m 

and do the transformation simp again. We get a X^"^}^ and: 

X^ll = Xnn + Yl Sam"^!)^. 

Writing this in the old alphabet, we have, by definition of the composition of two moulds: 

^ial = ^iin+ Yl (Sam* o Sam') "S^. 

neA{X)* 
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6. The trimmed form 

6.1. The simplification procedure. — We can construct a prenormal form by iterating 
the simphfication procedure seen in the previous section. 

Definition 6.1 (Trimmed form up to order r). — Let r be in N. The trimmed form 
up to order r is defined as ^g^am) obtained from X after r successive simplifications: 

X = ''""P^: '''"P": . . . '^'"^P'-: 

where simpj is the automorphism of simplification defined by: 

simpj = exp(yj), 

with Vi the vector field associated to the mould V* on the alphabet A{x'^^^^ defined 
recursively by: 

^(x(l) = {||n|I,nGA(xii-i))*}. 

Theorem 15.21 leads us then to the following result: 

Theorem 6.2. — For all r in N, the trimmed form up to order r X^l^ has a mould 
expansion, i.e. there exists a mould denoted by Sam* in Aic[A{X)^ such that: 

X^:l = Xnn + Y.Sam;B,. 

Moreover the mould Sam* can be defined with the help of Sam* : For all r in N, we have: 

am„ = Sam o • • • o Sam . 

V ' 

r times 

From now on, we denote either Sam* or (Sam*)"*^ for the composition of r copies of 
Sam*. Let us investigate now what is happening: we already saw that after the first step, 
non-resonant terms of length 1 -actually, there are no others- vanished. We have then: 

Xgl = Xi^+ Bn+ E Sam"B„. 

neA{X) mGA(X) nGA(X)* 

u!{n)=0 \\n\\=m, 



Now we see from such a writing, that the simplification introduces new terms, which may 
not be (and usually are not) resonant. 

The main property of Sam* is that it is "stationary" in this sense: 

Theorem 6.3. — Let r be in N*. For any word n in A* of length at most r, we have: 

Sam" = Sam", Vg ^ r. 

This theorem is deduced from the following lemma: 

Lemma 6.4. — Let r be in N*. For any word n in A* of length at most r, we have: 

Sam", ^ = Sam". 
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Proof of the lemma. — The proof is done by induction on the length r. 
For r = 1: let n be in A*, we have: 

(Sam* o Sam*)" = (Sam")^ = Sam", after lemma [5?3l 

We suppose now that r ^ 2 is fixed, and that for any p ^ r — 1, and any word n of length 
at most p, Sam"^^ = Sam^ . Let n = • • • be a word of length r. We have three cases: 

(a), n is non-resonant, i.e. u;(||nj|) ^ 0. In this case we write: 
Sam^_^i = (Sam* o Sam*)" 

= Samll"IISam;^+ ^ SamH^iH'- '"^'"Sam;^! • • • SamJ]^' . 

ni-ni=n 

As u;(||n||) 7^ 0, by lemma [5?3l Sam"'^" = 0, hence Saml'^l'Sam" = Sam""'"Sam"_;^. 
Moreover, in the second term, as / ^ 2, ^ (n^) ^ r — 1 for any A; in {1, ... , I}, hence 
by the induction assumption, Sam^*-' = Sam"_^^. Finally, 

Sam,"+i = Samll"IISam;'_i + ^ Samll^il'-- ^Msam^^^ ■ ■ ■ Sam^^i^ 



•n\-ni=n 



= (Sam* o Sam*_]^)" 
= Sam^. 

(b) . n is resonant, i.e. u;(||n||) = 0, and oj{n^) = for all Hn {1, . . . ,r}. In this case, we 

write again: 

Sam^^_]^ = (Sam* o Sam*)"' 

= Sam""" Sam;' + ^ Sam""il''- '""'"Sam^'i • • • Sam^'^ 

On the one hand, after lemma [Ql Samll"" = 1, for a;(||n||) = 0; on the other hand, 
for / in {2,...,r}, u;(||nfc||) = for all k in {1,...,/}, hence, still after lemma Ell 
Samll"i"'-'ll"'ll = 0. Finally, Sam^^i = Sam^". 

(c) . n is resonant, i.e. uj{\\n\\) = and there is at least one (therefore two) n* in n such 

that uj{'n}) 7^ 0. After lemma [Ql Sam" = 0. In this last case, we write: 

Sam"_,_i = (Sam* o Sam*)" 

= Samll^i "•••""' "Sam"! • • • Sam"' + Sam^'Sam"' • • • Sam"'. 

By the induction assumption, for every / in {1, . . . , r — 1}, 

Saml!"^"-""'" =Sam;"l"-""'"; 

moreover: 

Sam|!"i" '""'"Sam"i • • • Sam"' = (Sam^.^ o Sam*)" - Sam^^.^Sam"' • • • Sam"^ 

Hence Sam"_|_]^ = Sam" — Sam"_;^Sam" • • • Sam" + Sam"Sam" • • • Sam" . Now, 

1 J. 

after lemma [531 the product Sam" • • • Sam" is zero. Finally, Sam"_,_]^ = Sam". 

□ 
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6.2. The Poincare-Dulac theorem. — We can define now the mould Tram* as follows: 

Definition 6.5. — The mould Tram* is defined by Tram® = 0, and for a word n in A* 
of length r ^ 1, 

Tram" = Sam;* = liin ((Sam*)°^)" 



The limit exists after theorem | 

We define then the trimmed form. 

Definition 6.6. — The trimmed form of X is the limit of the simplification procedure. 
It is given by: 



^tram = -'^lin + Tram'S.. 



Now this result shows that the trimmed form is what we are looking for: 

Theorem 6. 7. — The trimmed form is a continuous prenormal form. 

Proof. — Remember that Tram*^ = 0. By definition of Tram*, for a word of length 1, 
Tram" = Sam", hence Tram" = if uj{n) ^ 0. Now, for a word n of length greater than 
2, by definition 16.51 of Tram* we have: 

Tram* = Tram* o Sam* (6-1) 
= Sam* o Tram*. (6-2) 

We can then verify that Tram" = if a;(||n||) ^ by induction on the length r ^ 2 of n. 
If n = n^n^ is in A* , by definition of the composition of two moulds and after (|6.ip : 

Tram" = Tram^Sam" + Tram"' Sam"' + TVam"Sam® 
= Tram" Sam" 
= Sam"' Sam"'. 

Now, after lemma [531 Tram" 7^ if and only if uj{n^) = w(n^) = 0, and this is impossible 
since uj{n^) + uj{n^) / 0. Hence Tram" = if a;(||n||) / 0. 

We fix r ^ 3 and suppose that Tram" = if a;(||n||) / 0, for any word n of length 
less than r — 1. Then if n is a word of length r such that u;(||n||) 7^ we have after 
equation (|6.2p : 



Tram" = Samll"llTram" + ^ Samll"ill-ll"'llT¥am"i • • • Tram"'. 

n\-ni=n 

The term Sam"""Tram" is 0, for u;(||n||) 7^ 0. Now for each partition of n in / words 
ni, . . . ,ni, where / ^ 2 there is at least one k in {!,...,/} such that a;(||njt||) 7^ (for 

'^(ll'^ll) = '^(ll^'i II))- Hence by induction. Tram"'' = 0. Therefore, Tram" = 0. □ 
3=1 
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7. The Hamiltonian case 

We discuss here the application of the preceding sections to Hamiltonian operators. H 
is a Hamiltonian function, in cartesian coordinates: 

V 

H{x,y) = '^\iXiyi+ ^ anm.x^y'^., 

i=l (n,m)£A{H) 

where A{H) stands for the set of higher degrees and A = (Ai, . . . , X^) an element of C^. 
We will denote A when there is no ambiguity. The Hamiltonian vector field then writes: 

(n,m) Ej4 

where 

1=1 1=1 

and 

u 

i=l 

and we denote rii = (ni, . . . , rij — 1, . . . , Uy) (same for mi). Remark that Dnm is not an 
homogeneous operator; however Dnmi defined as follows is a homogeneous operator of 
degree {ni,mi): 

and Dnm = ""^^Dnmi- The preceding "usual" decomposition in homogeneous operators of 

i=l 

section [3TT] does not lead to Hamiltonian operators. Nevertheless lemma ET] gives a way to 
obtain Hamiltonian operators... when starting also from Hamiltonian ones. 

The interesting thing about Dnm is that it is a Hamiltonian operator, i.e. it defines 
a Hamiltonian vector field. We will frequently denote s = (n, m) a letter of A, and Dg 
for Dnm- As previously, if s = • • • s*^ is a word in A*, Dg will be the composition 
Dgi ■ ■ ■ Dgr. It is well-known that a prenormal form of a Hamiltonian vector field is also 
a Hamiltonian vector field, and that the transformation which brings the former into the 
latter is symplectic. 

However, it is also important to keep in mind that we want successive canonical trans- 
formations to preserve the Hamiltonian character, because, for example, if we want to 
implement that prenormal form, a computer cannot do an infinite number of iterations. 

Nevertheless, if we decompose Xh in homogeneous differential operators, as done before, 
it is very difficult to know if we get Hamiltonian transformation! 

The following lemma gives a first result on "Hamiltonian-preserving" moulds and justifies 
the use of the Dnm operators instead of usual homogeneous operators. We will need this 
result in the next subsection. 

Lemma 7.1. — Let M' be an alternal mould on an alphabet A* . Let S, be a collection 
of differential operators, such that 5„ is a Hamiltonian vector field for every u in A. Then 
the sum M'^Su defines a Hamiltonian vector field. 

ueA* 
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Proof. — The key is that if Su = Xh^ and St = are Hamiltonian vector fields, then: 

[Su,St] = {XH^,XHt} = X{Hu,Ht}^ 

where {,} is the usual Poisson bracket; hence [SujS't] is still Hamiltonian. Thus, by an 
induction on r, for any word u = ■ ■ ■ of A* of length r, 5[^] is a Hamiltonian vector 
field. We now use the projection lemma [2.121 M' being alternal, we have, if w is a word 
of length r and cr{u) the set of words deduced from w by a permutation: 



r 



Let us denote ~ the equivalence relation on A* defined by: 

u 1^ t <^=^ there exists one permutation r such as t{u) = t. 



+ 00 



r=l r=l 



We have w ~ t ^ t{u) = i{t) therefore ^*\{0} = \[a; and A* j = \[K 

r=l ^ 

moreover = 0, for M' is alternal; hence the following equalities: 

M^s^ = E E ^^""^^ 

ueA* r^l tie A* 

= E E E 

'"^i 1x6 a; 



E E 7 ^ ^^"^b 
E^E^^^^M- 



r 

Hence the result. □ 

V 

From now on, for s = {n, m) in A{H), we denote uj{s) = uj{n, m) = ^ji^j ~ ^j)- As 
previously, a word s is resonant ifuj{\\s\\) = 0. We have an analogous result as lemma [411 
Lemma 7.2. — For s = ■ ■ ■ a word in A* of length r, we have: 

XunDs = DsXiin + Ms)\\Ds. 

7.1. The limit of the simplification procedure. — We proceed as before, by associ- 
ating to Xh a simplified vector field Xgam in the following way: 

Xsa„.=exp( y: e -^^)^\ 

\seA(H) ^ ' / \sGA(H) ^ ^ / 

The important thing is that 

-^sam = -'^lin + E Sam^Dg, 
seA{H)* 

with Sam* exactly the same mould as defined in lemma [531 The only things that change 
are the alphabet and the operators. But the fact that Sam* is alternal is still true of 
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course: Xgam is then, by lemma \7A[ a Hamiltonian vector field, and by definition of Sam* 
a trimmed form of Xj{ up to order 1. 

We then want to rewrite Xsa.m as a sum Xiin + ^^ Aq where 21 would be a new alphabet, 

aG2l 

and there would be a simple law * such that ||n||^ = a for a word n of A{Xy . The second 
step would then be given by the composition Sam* o Sam*. Unfortunately, we have not 
been able, so far, to find such a new alphabet to make the iteration easy to formulate. 
So, we changed -again!- the decomposition of the initial vector field Xh, therefore the 
alphabet, so that a mould iteration can be done. 

7.2. Canonical simplification. — We define a new alphabet or 17 when there is 

no ambiguity, by: 

Q{H) = {lo{s) with s € A{H)}. 
Remark that $7 is thus part of C and not anymore of Z'^ . We have then 

H{x, y) = ^ XiXiyi + ^ ^ anm.x^y'^. 

i=l uj£n {n,m)eA{H) 

u){n,m)=u) 

Definition 7.3. — For S Jl, 2) a; is the Hamiltonian vector field induced by the sum 
of monomials H^{x,y) = anmx"'y"^; we call this latter sum the ri-homogeneous 

{n,m)GA{H) 
u!{n,m)=u! 

component of degree uj of H. We write D^, = Xh^- 

The are still Hamiltonian operators, as sum of such operators: in fact D^j = 
Dnm- We have thus Xh = X\\j^ + ^^^tj- This gives us the action of X\\^ 

{n,m)£A{H) uj(^n 
w(n,m)=u) 

on the (analogous to lemma [72]): 
Lemma 7.4- — 

Xwn'i^tj = "i^LjXwa + |la;||2)t^ for any word u G Q* . 
The simplified field Xgam is obtained exactly the same way as above: 



^sam 



and still: 



-'^sam = -'^lin + ^ Sam'^2)(^. 

The mould Sam* is again defined as in lemma 15.31 but on the alphabet O, so for uj = 
cj(s^) • • • u;{s'^) in 0*, we set Sam'^ = Sam*. Sam* is alternal, then Xsam is a Hamiltonian 
vector field. 

Now we want to iterate this process, as we did at the beginning of section [H In order 
to iterate, we must rewrite Xsa,m as: 
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where Q is the new alphabet, and expresses with the T)^ and is still Hamiltonian. 

By definition, d'^^ is the Hamiltonian field coming from the sum a!^^x^y"^ in the 

u>{n,m)=uj 

new Hamiltonian. So, for a uj fixed, we must find the u> such that D^j gives rise to a vector 
field coming from a H^. The following theorem answers that question: 

Theorem 7.5. — The new alphabet is = moreover for any uj in CI, 23-^^ is Hamilto- 
nian, and has the following expression: 

J)W = Sam'^2)^. 

\\lj\\=lu 

Proof. — Remember first that Sam* is alternal, so we can still write: 

J2 Sam'^2)„ = ^- J2 Sam'^2)[„]; 

and even 

5] Sam-S„ = ^i J2 Sam-2)[„]. 



For two operators, D^^i and 2)^2, which respectively come from two Hamiltonians 

H^i{x,y)= ^ On^x'^y"* and i?^2(x,y) = ^ apqX^y'^, 



n,m p.q 

\ _ 2 

nm — ^ ^pq — ^ 



we have actually: 
and 

i—l n,m,p,q 

UJpq=U 



this is a sum (indexed by i) of monomial Hamiltonians whose each term has the same lo: 
^ i ^ u, u>{n + Pj, m + = a;(n, m) + u!{p, q) = + u'^ = uj. 

We thus can say that Q = {||uj||,a; G 0} = Now, remember that D~^^ is defined as 

the Hamiltonian vector field coming from the i7-homogeneous component of degree lj of 
the new Hamiltonian H^^^; we conclude therefore that , ©^.2] appears in (and only in) 
D^\''^^2- Conversely, if to is fixed, only the operators build on the words uj such that 
\\uj\\ =oj will appear in 
Hence the result: 

||u;||=C ll'«'ll='^ 
which concludes the proof. □ 

We may now cite the following: 
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Theorem 7. 6. — The trimmed form of Xu is given by 

^tram = ^lin + ^ Tram'D, 

where the alphabet is 0,{H) and Tram* the mould already defined in the previous section: 
for a word uj of length r, 

Tram'^ = ((Sam')°^)". 

We know that, in case of Hamiltonian vector fields, there is only one prenormal (hence 
normal) form. We have here a way to compute it; it would be interesting to compare it to 
other classical ways. 



8. Kolmogorov Theorem 

In this section, we use the preceding trimmed form transformations to bring a Hamilto- 
nian vector field into Kolmogorov's normal form. The Kolmogorov's theorem ensures the 
persistence of a diophantine torus of a completely integrable Hamiltonian function under a 
weak perturbation. We prove this theorem in the case of a perturbation of a special form, 
see infra. 

We define the algebra Ae of functions fe{p-,(l) : C x C ^ C of the form fe{p,q) = 
''^^s^ fs{p,q) where the fs are trigonometric polynomials in q, the coefficients fs,k{p) of 

which being polynomials in p, writing fs{p,q) = fs,k{p)^^^'^- 

\k\<^Ks 

We define j}^ the subset of As of trigonometric polynomials in q, the coefficients of which 
being homogeneous polynomials in p of degree 1. 

We denote by V{Ae) the set of derivations over the algebra Ae, and by V'^{Ae) the 
subset of V^Ae), of derivations D of the form: 

D = Ae{p, q)dp + Be{p, q)dg, 

with As{p,q),Be{p,q) in Al- 

Moreover, we denote by P^(^e) C T>^{As) the subset of derivations of the form 
Ae{p,q)dp + Bi;{p,q)dq, and being in A}^, of which all the coefficients of e^,s ^ r 
have no dependence in q. 

Following we deal here with Hamiltonian functions from x to M, where T is 
the usual torus M/Z, and uj a vector of M'^ being non-resonant, of the form: 

H,{p,q)=uj-p+]^p' + ef{q). (8.1) 
The "formal" Kolmogorov theorem is then: 

Theorem 8.1. — Let H^ip, q) be defined as in (|8.ip anduj G M*^ being diophantine. There 
exists a canonical formal transformation q = q' + £ ■ ■ ■ ,p = p' + e ■ ■ ■ , which brings into 
Kolmogorov normal form: 

He{p,q) = UJ ■ p + R{p,q,e), 

with R{p,q,e) = 0{p^). 

More precisely, we will prove the following theorem, denoting by the Hamiltonian 
vector field coming from H^, and by Xc the constant vector field uj ■ dq. 
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Theorem 8.2. — Let us suppose that has been brought into the following form: 

r . Ns Ms 

s=l ^1=1 1=1 

where as{p) ,bs{p) , as^i{p) ,bsj{p) are in A^. Then, there exists a canonical transformation 
q = q' + £■■■ ,p = p' + e ■ ■ ■ , such that Xr,eip,q) = ^r+i,eip' ,q')- 

The theorem we want to prove may be rewritten as follows: 

Theorem 8.3. — If X - Xc e Vl{Ae), then Xsam - Xc e ^^^^(^e). 

Proof. — We write 



s=l s^r+1 ^ fceZ" ^ 

where X^{p) is independent of q and X^{p, q) = e'*-^ ''^ | as^k{p)dp + bs^k{p)dq ) . 



We set then 5^ = ^ e'X^ for A; / and Bo = Y^ e'X°. 

Lemma 8.4- — For k £ Z'^ , Bk is a homogeneous differential operator of degree k in the 
angles q. Moreover, 

XcBk = Hk ■ uj)Bk. 



We can then write X = Xc + I^B^., where ^ = Z'^ is the alphabet, and I* the 

k£A* 

mould already defined. We look for = Q'B,, with = exp(y) and V = V'B,. 
The Campbell-Baker-Hausdorff formula ensures that: 

QXQ-^ = X -[X,V] + -- - = Xc+Y Bk-[Xc,V] + h.o.t. , (8.2) 

where h.o.t. stands for higher order (in e) terms. Moreover, we set: 

1 



V 

Then, 



\i{k-uj) 
otherwise. 



if ^ (•) = 1 and /c • u / 0; 



k&J" fcGA* 
£(fc)^2 



hence, (18. 2p rewrites: 



(*) 



(**) 

The term (**) is of order in e at least r + 2, therefore we do not worry about it. The 
term (*) rewrites: 
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SO, if we choose = — -, for • 7^ 0, this latter expression vanishes, because 

\i[k ■ cu) 

x!^j^i = when A; • w = (as w is non-resonant). 

□ 

We have again our transformation simp which brings X into Xgam- After the projection 
lemma [2.121 we can write: 

-^sam = Xc + ^ - ^ Sam*'5[fc]. 

r>l keA* 

Now we use the following lemma: 
Lemma 8.5. — 

yD,DGV\Ae), [D,D](£V\A,). 

That lemma and the projection lemma prove that Xsam is now in 'DI_^^i{As), hence, by 
applying iteratively theorem 18.31 we are able to prove theorem 18.21 therefore theorem 18. 1[ 

By this way, we are able to perform a trimmed form of a Hamiltonian vector field in 
action-angle coordinates. It is defined by the mould Tram* exactly the same as before. 

Moreover, remark that every simplification is a canonical transformation, so at every 
step of the procedure is the vector field still Hamiltonian. That may be of great interest 
in numerical applications. 

9. Conclusion 

We saw in this text different powerful aspects of moulds: the "complete calculability" 
that is the universality, and the ability to be easily computed. A combinatory work (in 
the free Lie algebras framework) lies underneath which induces a powerful union of results 
both from algebra and analysis. 

The principal tool we used here was the change of graduation in the decomposition of 
a vector field, and we still hope to apply it to vector fields with no linear part, as E. Paul 
in [14] in a future work. 

Moreover, the seek for normal forms has not to be limited to vector fields. We also 
intend to develop this kind of techniques to apply in PDEs. 
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